Introduction
Many definitions have been proposed for the value of a divergent series, those of Cesàro and Holder being familiar examples. All of the definitions proposed are generalizations of convergence ;f that is, they evaluate any convergent series to the value to which it converges. Thus all these definitions give the same value to a convergent series. The fundamental question as to whether, when each of two definitions gives a value to a divergent series, the two values are the same, seems as yet to have received no attention. % That two definitions, both generalizations of convergence, may give different values to the same divergent series, is seen by the following example. Let the sequence defining the series be x" = ( -1)"+1 log n (n = 1,2, ■ • •); and let the value of the sequence be defined in two different ways by the limits of the sequences (yn), (z"), where 1 " 1 * r ( -l)*"1"1! yn = -T,xk, z" = -12 1 + ,/, \xk (»-2,8, •••)■ «ti nt=2\_ log k J It can easily be verified that each of the definitions is a generalization of convergence; whereas lim 7/" = 0, lim zn = 1.
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Furthermore the sequence ( ar" ) may be made to give any preassigned value X whatever if we choose as the definition for the value of ( xn ) the limit of sn, where «» = ( 1 -X)t/"+ Xz". It is accordingly a matter of the first importance to know under what circumstances two definitions are consistent; that is, under what circumstances we have a right to assert that whenever each of two definitions gives a value to a sequence, the two values are the same.
* Presented to the Society, September 8, 1914.
t Such definitions are sometimes said to satisfy the condition of consistency; the word consistency is used in this paper in a different sense. Î Of course consistency is self-evident in the trivial case in which one definition evaluates all series evaluated by another definition, giving the same values. W. A. hurwitz and l. l. silverman : [January The principal result of this paper is that all definitions of summability of a certain class are consistent. Another result of some interest is the determination of a criterion for the equivalence of two definitions of summability; two definitions being defined as equivalent when each evaluates to the value £ every sequence evaluated by the other to the value £. The interest in this idea seems hitherto to have been directed to the proof of the equivalence of Cesàro's and Holder's definitions for the same order of summability, though other similar special questions have been considered.
In this paper a criterion is established for the equivalence of any two definitions of a certain class, from which criterion the equivalence of Cesàro's and Holder's definitions follows as a very special case.
Other points considered are: the specification of a definition which shall evaluate the sum of two given sequences summable by two stated definitions ; the establishment of a necessary condition for summability, analogous to the well-known conditions for the cases of convergence and of Hölder-summability ; and the permissibility of omitting or adjoining an element at the beginning of a summable sequence without altering either its summability or the value to which it is summable.
We shall be concerned with a special type* of definition of summability. Let (xn) = x,y, x2, • • • be a sequence, and vol. 22 (1911), p. 113; Smail, Columbia dissertation, 1913; and Schur, Mathematische Annalen, vol. 74 (1913) , p. 447.
we denote this transformation by A-1 and the relation by ( x" ) = A~l ( yn ).
If (yn) = A(xn) and zn = B(yn), then zn = P> (^4 (x") ), the transformation being BA. If AB = BA, A and B are permutable. If A and P correspond to (an, k) and (£>", *) respectively, a^4 + 0P will correspond to (aan, * + ßbn, k)-If Ai, A2, ■ ■ ■ correspond to (an%), (ai%), • • • respectively, ai Ai + a2 A2 + ■ • • will correspond to (an, k) if
exists and equals an,k. If (yn) = A (xn), and (yn) has the limit £ whenever ( xn ) has the limit £, A is regular. It will be seen that if A and P are regular, then ^4P, and for any constant a, aA + ( 1 -a ) B are regular. A necessary and sufficient condition that A be regular* is 71 71
(1) (a) lima",k = 0, (b) lim 22 an, k = 1, (c) 121«», k\ < K. since, from the hypothesis, the series for / ( z ) converges absolutely for z = 1 As the conditions (a), (6), (c) of (1) are satisfied, the theorem is proved. Corollary. The numbers a", * are given in terms off(z) by the formula
We prove this first when / (z ) = zr, so that the transformation defined is
Mr. It is to be shown that
Suppose this holds for any r; to see that it holds for r + 1, we write mtk'^-tm^"
• q=k As evidently (3) is true for r = 0, it is true for all values of r. Finally, to prove (2) in general, multiply (3) by ar and sum from r = 0 to r = <x>. Then
which agrees with (2).
Consistency of transformations permutable with M
We shall now determine a sufficient condition for the consistency of two regular definitions of summability.
We shall refer to any transformation of the form To prove this, form MA ; we have 
Lemma 3. A necessary and sufficient condition that a transformation be permutable with M' is that it be a multiplication.
Suppose the transformation A', 
which proves (9).
Conversely, if (9) is satisfied, (10) shows that A = A^4'A, where A' is a multiplication. 
We shall now prove a theorem which contains Theorem I as a special case.
Theorem V. The transformation f ( M) is regular iff(z) is analytic within and on the boundary of the circle C of radius % about the point f, and / ( 1 ) To prove that/(M) is regular we shall show that the conditions (1) are fulfilled.
(a) We find 
The proof is immediate. It may at once be verified that the Holder and Cesàro means are permutable with M ; it is therefore sufficient to give for each case a function analytic in C, having the value 1 for z = 1 and the value an, n for 1/n.
For the Holder mean of order r, an, n = 1/V; hence the transformation is defined by / ( 2 ) = zr. For the Cesàro mean of order r, r\ (r + n -1) (r + n -2) ri
so that the transformation is defined by the function g ( z ) given above.
A CASE ©F IRREGULARITY
As a case of irregularity it will be of value to study the effect of poles of the function / ( z ). The simplest function possessing a pole of the first order and having the value 1 at 2 = lis/(z) = (1 -p)/(z -p), where p =)= 1.
Lemma 1. The function ti \ 1 ~ p where p =(= 1 is a point within or on the boundary of the circle C, does not define a regular transformation. Disregarding the cases in which p is the reciprocal of a positive integer, since in those cases the formula (11) for the coefficients of the matrix corresponding to / ( z ) breaks down, and excluding the case p = 0, since in that case/(z) defines the transformation M~l, which is obviously not regular, we proceed to set up a sequence (a:n) and the transformed sequence (yn) in such a way that the former has the limit zero, while the latter does not. It will be simpler to define (yn) first. We may then find (xn) by performing the transformation corresponding to \/f(z) = (z -p)/(l -p), so that 1 ™
(1 -p)a;n =-Zz/a -pyn. On the other hand we find
* The ratio r(n)/r(w -p)is readily studied by Stirling's Theorem. It is seen that the limit is 0 or °o according as R (p) < or > 0; if R (p) =0, the absolute value of the ratio has the limit 1. In order that the condition of the theorem be satisfied, it is necessary and sufficient that h(M) be regular. As the only possible singularities of h (z) are poles due to the zeros of g(z), h(M) will be regular if there are no poles (by § 3), that is, if the zeros of g(z) are zeros of the same or higher orders of f(z) ; and will not be regular in the contrary case (by § 4).
As an immediate deduction we have the two following theorems. Theorem IX. If f(M), g(M) are analytically regular, a necessary and sufficient condition that they be equivalent is that f(z), g(z) have in C the same zeros with the same orders.
Corollary. The Holder and Cesàro means of like order are equivalent. For the functions /(2), g(z) of (11), (12) are analytic in C; each has no zeros except z = 0, and this is in both cases a zero of order r; hence the two definitions are equivalent. Theorem X. A necessary and sufficient condition that the analytically regular definition f(M) be reversible (equivalent to convergence) is that f(z)
do not vanish in C.
A NECESSARY CONDITION FOR SUMMABILITY
In the cases of convergence and of Cesàro and Holder summability, there exists a simple form of necessary condition, applied usually to the general term of the infinite series, that is, to the difference of two elements of the sequence.
We have a similar test in the case of a wide range of definitions of the type which we are considering. Theorem XI. If the sequence (xn) is transformed into a convergent sequence by the analytically regular transformation f(M) defined by a function f (z) which has no zeros within or on the boundary of the circle C of radius \ about the point \, then lim (xn -av_i) = 0. 
The expression given by the summation sign is the result of applying the transformation b(M) to the sequence " y* y± y 2 , 9 7 q , Since b(z) = a(z)/z, it suffices to apply to this sequence the transformation M~l, and to the result the transformation a(M). Hence the expression given by the summation is equal to n-l 2_, an~\, k Vk, k=\ where , n N 7/" 7/n_i 7)"_i = (ti -1)^33 ~ (n ~ 2)n~~2 = Vn ~ V"'1'
[January
As the transformation a(M) is analytically regular, and as, on account of the convergence of ( yn ), lim (y" We obtain a more general theorem by taking a function/(2) which has a zero of order r at z = 0, but no other zeros in C.
Using the same notation as before, we have again (19). In the present case zra(z) defines an analytically regular transformation; since the limit of the sequence (y"-yn-i) is zero, the result of applying to this sequence first a(M), then Mr, must give a sequence whose limit is zero; therefore the sequence xn -aw-i is evaluated to zero by Mr. The usual test for Holder summability gives (2D yn-Vn=^T7^1Xi-n + r_l(vn-V^l)-n + r_1Vn.
From the formula for the Cesàro mean, we have
from these formulae follows at once (n + r -l)yn -(n -I)nn-i = ra;i.
Solving for yn, we obtain easily the second of the results to be proved; solving for ?7n-.i and replacing n by n + 1, we obtain the first. Theorem XIII. // a sequence (xn) is transformed into a convergent sequence by the analytically regular transformation f(M) defined by a function f(z) which has, except at z = 0, no zeros within or on the boundary of the circle C, then the sequence obtained by omitting or adjoining an element at the beginning is transformed by f(M) into a sequence converging to the same value.
Suppose that/(z) has at z = 0 a zero of order r, and write* which by (21) yields the result.
It will finally be shown that the condition on/(2) is essentially necessary,-more accurately, that for any p =(= 0 in C it is possible to construct a function / ( 2 ) vanishing at p, and a sequence évaluable by / ( M ) for which the dropping or adjoining an element is not permissible. We have excluded the cases p = \,\, ■ • • ■ Ifp has any one of these values some of the earlier elements of the sequence (a:") defined above become meaningless, since they involve in the denominators gamma functions of zero or negative integers; if, however, we replace each such meaningless element by zero, the preceding proof holds without alteration.
Conclusion
The class of analytically regular definitions considered in the preceding pages obviously includes a wide variety of definitions given by linear transformations.
It does not, however, include all such definitions; for instance it fails to cover the logarithmic definitions of Riesz,* which are not permutable with M.
The consistency of all analytically regular definitions and the simplicity of the criteria for the equivalence and the relative generality of any two of them introduce a considerable degree of system into the study of such divergent series as may be successfully treated by this particular class of definitions. It is all the more important, therefore, to point out some desiderata in the theory.
In the first place, some substitute for Theorem V, involving only * Paris Comptes Rendus, vol. 149 (1909), p. 18. real variables and conditions appropriate to real variables, is desirable, in order to remove the irksome requirement of analyticity in C. Again, consistency breaks down if the notion of limit be extended to include real onesigned infinity; for instance, the sequence 0, 1,2,3,
• • • is evaluated by the analytically regular definition* 2il/ -E to the value 0.
It is probable that a natural generalization exists of Cesàro's results! on the Cauchy-product of summable series, and of the theorem of FrobeniusJ on the behavior of a real power-series summable at an end of its interval of convergence.
Finally, the general results of the paper should admit of extension to the case of the limit of a continuous variable.
The foundation for this extension exists in a paper by Silverman § establishing conditions for regularity similar to (1). The further theorems analogous to those of the present article will be treated in a future paper. 
